In this work we present an explicit representation of the orthonormal Bernstein polynomials and demonstrate that they can be generated from a linear combination of non-orthonormal Bernstein polynomials. In addition, we report a set of n Sturm-Liouville eigenvalue equations, where each of the n eigenvalue equations have the orthonormal Bernstein polynomials of degree n as their solution set. We also show that each of the n Sturm-Liouville operators are naturally self-adjoint. While the orthonormal Bernstein polynomials can be used in a variety of different applications, we demonstrate the utility of these polynomials here by using them in a generalized Fourier series to approximate curves and surfaces. Using the orthonormal Bernstein polynomial basis, we show that highly accurate approximations to curves and surfaces can be obtained by using small sized basis sets. Finally, we demonstrate how the orthonormal Bernstein polynomials can be used to find the set of control points of Bézier curves or Bézier surfaces that best approximate a function.
Introduction
Bernstein polynomials are of great practical importance in the field of computer aidedgeometric design as well as numerous other fields of mathematics because of their many useful properties. [1] [2] [3] [4] [5] [6] [7] Perhaps the best known practical use of Bernstein polynomials is in the definition of Bézier curves and Bézier surfaces, which are parametric curves and surfaces that use a Bernstein polynomial basis set in their representation. Bézier curves and surfaces can be used to approximate any curve or surface to a high degree of accuracy, and therefore, they are very important tools used in computer graphics. [3] [4] [5] [6] [7] [8] [9] However, Bernstein polynomials have numerous other applications aside from computer graphics. Bernstein polynomials have been used in Galerkin methods and collocation methods to solve elliptic and hyperbolic partial differential equations. [10] [11] [12] [13] [14] In addition, they are fundamental to approximation theory as they provide a way to prove the Weierstrass approximation theorem, which states that any continuous function on a closed and bounded interval can be uniformly approximated on that interval by polynomials to any degree of accuracy.
15, 16 Bernstein polynomials also have applications in optimal control theory, [17] [18] [19] stochastic dynamics, 20 and in the modeling of chemical reactions, where they can be used in Bézier curves to represent the most probable reaction path in high dimensional configuration space. 21 Despite the fact that Bernstein polynomials have many useful properties, one property they do not possess is orthogonality. For many applications, such as least squares approximation and finite element methods, the orthogonality property is particularly useful, and as a result, the application of Bernstein polynomials in these methods is often less convenient than traditional orthogonal polynomials such as Legendre polynomials, Chebyshev polynomials, or Jacobi polynomials. To overcome this difficulty, the Bernstein polynomial basis is often transformed into an orthogonal polynomial basis using a transformation matrix. 1, 13, [22] [23] [24] [25] [26] [27] [28] However, as the degree of the polynomial basis increases, the transformation matrix between basis sets can become ill-conditioned which can introduce substantial error into numerical calculations. 1, 23, 28, 29 Alternatively, the orthonormal Bernstein polynomial basis can be generated through a Gram-Schmidt orthonormalization process, but this process must be repeated every time the degree of the polynomial basis is increased. It would clearly be beneficial in many of the applications discussed here to have an explicit representation to generate orthonormal Bernstein polynomials, but to the best of the authors' knowledge, there is no explicit representation of orthonormal Bernstein polynomials in the literature. The aim of this paper is to present the explicit representation of the orthonormal Bernstein polynomials, discuss their corresponding Sturm-Liouville equation, and demonstrate their utility for curve and surface approximation.
Bernstein Polynomials
The Bernstein basis polynomials of degree n form a complete basis over the interval [0, 1] and are defined by
where t is a parameter. However, the Bernstein basis polynomials can be generalized to cover an arbitrary interval [a, b] by normalizing t over the interval [a, b] , i.e. t = (x − a)/(b − a), which leads to the following
These polynomials satisfy symmetry B j,n (x) = B n−j,n (1 − x), positivity B j,n (x) ≥ 0, and form a partition of unity n j=0 B j,n (x) = 1 on the defining interval [a, b] . Moreover, they satisfy a number of other useful properties 1 that we do not discuss in detail here.
By taking a linear combination of Bernstein polynomials we can define a generalized parametric curve over the interval [a, b] , which is known as the Bézier curve,
where P is a set of coefficients, commonly referred to as control points. An nth degree Bézier curve consists of n + 1 Bernstein polynomials, which form a basis for the linear space V n consisting of all polynomials of degree m, where m ≤ n. 
where P is a control point matrix and the surface is defined by (n + 1)(m + 1) Bernstein basis polynomials.
Orthonormal Bernstein Polynomials
The explicit representation of the orthonormal Bernstein polynomials, denoted by φ j,n (t) here, was discovered by analyzing the resulting orthonormal polynomials after applying the Gram-Schmidt process on sets of Bernstein polynomials of varying degree n. For example, for n=5, using the Gram-Schmidt process on B j,5 (t), normalizing, and simplifying the resulting functions, we get the following set of orthonormal polynomials
We can see from these equations that the orthonormal Bernstein polynomials are, in general, a product of a factorable polynomial and a non-factorable polynomial. For the factorable part of these polynomials, there exists a pattern of the form
While it is less clear that there is a pattern in the non-factorable part of these polynomials, the pattern can be determined by analyzing the binomial coefficients present in Pascal's triangle. In doing this, we have determined the explicit representation for the orthonormal Bernstein polynomials to be
In addition, (7) can be written in a simpler form in terms of the original non-orthonormal Bernstein basis functions as
which is a remarkably simple formula that can be used to generate orthonormal Bernstein polynomials on the interval [0, 1]. To confirm the orthonormal relation of these polynomials, we first multiply two of these polynomials together and integrate to get
If we use the general relation
with p = i − k, r = j − l, q = n − k, s = n − l, and plug this into (9) and simplify, we get the following
Using different values for i and j, it is easy to verify the orthonormal relation of the polynomials in (8) using (11) . Although the explicit representation presented in (8) 
where we have used (10) with p = i − k, r = j, q = n − k, and s = n.
Sturm-Liouville Equation
The fact that the Bernstein polynomials in (8) are orthonormal indicates that they can also be obtained as the solution of a Sturm-Liouville equation, since the solution set of Sturm-Liouville problems are orthogonal functions. The Sturm-Liouville equation is a second-order linear differential equation of the form
where p(x), q(x), and w(x) are continuous and integrable real-valued functions on the finite interval [a, b] . The solution set of this equation is a set of orthogonal functions, which are orthogonal with respect to the weight function w(x), i.e. they satisfy the following
where δ ij is the Kronecker delta function. The Sturm-Liouville equation can be simplified by defining a linear operator
Using the operator L, we can rewrite the Sturm-Liouville equation as an eigenvalue equation of the form
Of central importance in the Sturm-Liouville theory is the self-adjoint property of the operator L. If the operator L is a self-adjoint operator with respect to the L 2 inner product space, then it can be shown that the resulting eigenfunctions, φ, of L will be orthogonal and their corresponding eigenvalues, λ, will be real constants. For the operator L to be self-adjoint, it must satisfy the following condition
where u and v are sufficiently smooth and integrable functions on the interval [a, b]. Using integration by parts, it can be shown that the Sturm-Liouville operator is self-adjoint if and only if the following is satisfied
Therefore, in order for the eigenfunctions of (16) to be orthogonal and for the Sturm-Liouville eigenvalue problem to be well-posed, either the eigenfunctions must obey specific boundary conditions at the endpoints of the interval [a, b], i.e. homogenous boundary conditions, or the function p(x) must vanish at the endpoints so that the right hand side of (18) is zero.
Often it is necessary to impose boundary conditions so that (18) is satisfied, but when p(x) vanishes at the boundaries, it is not necessary to impose boundary conditions, aside from demanding that the eigenfunctions remain finite in the interval [a, b] . This is case for the Sturm-Liouville eigenvalue equation of the Legendre polynomials, the Laguerre polynomials, and for the orthonormal Bernstein polynomials described here. We have found that the orthonormal Bernstein polynomials, φ j,n , satisfy the following Sturm-Liouville eigenvalue equation
where x is defined over the interval [0, 1] and the eigenvalues, λ, are defined by
Furthermore, since the sets of orthonormal Bernstein polynomials are distinctly different for each degree n, the operator L for (19) depends on the value n through the function q(x) = n(n + 2)(1 − x). Therefore, (19) actually represents a set of n Sturm-Liouville eigenvalue equations; one for each value of n. For these equations, it is not necessary to impose boundary conditions since p(x) = x(1 − x) 2 clearly vanishes at the endpoints of the interval [0, 1], demonstrating that the operator L associated with (19) is self-adjoint.
Function Approximation
While the orthonormal Bernstein polynomials can be used in many applications, we demonstrate their utility here in approximating curves and surfaces since function approximation is a common and important problem in many fields of applied mathematics and physics. For a simple one dimensional curve, we can easily approximate the curve over the interval [0, 1] using the relation g(t) = f (t), where f (t) is the function to be approximated and g(t) is a generalized Fourier series
This equation is analogous to the Bézier curve in (3) but with an orthonormal Bernstein polynomials basis. Approximating the curve amounts to choosing an appropriate value for the degree n and finding the set of control points [P 0 , P 1 , . . . , P n ] that best fit the curve. However, since the set of functions [φ 0,n (t), φ 1,n (t), . . . , φ n,n (t)] are orthonormal, the set of control points can easily be computed with
where the term in the denominator is equal to 1 due to the orthonormality of the basis functions. In addition, if we let t = (x − a)/(b − a) then we can approximate a curve over the arbitrary interval [a, b] . In this case, the set of control points can be computed with
where the 1/(b-a) term comes from the following orthogonal relation 
and compute the elements of the control point matrix with the following
In addition, due to the relation in (12) , the orthonormal Bernstein polynomials can be used to find the control points of a Bézier curve or a Bézier surface of the forms presented in (3) and (4), respectively. This is immensely useful since it often can be difficult to determine the optimal control points that approximate a function using Bézier curves or surfaces, particularly for large degree n, due to the non-orthogonal properties of Bernstein polynomials. For a Bézier curve, using the relation in (12), we can find the control points over the arbitrary interval [a, b] using a back substitution procedure with the following equation (27) where the control points should be solved for in the order i = n, n − 1, . . . , 0. Moreover, this approach can be extended to solve for the control point matrix of a Bézier surface over the interval [a, b] × [c, d] with the following equation
where the control points should be solved for in the order i = n, n − 1, . . . , 0 and j = m, m − 1, . . . , 0.
To demonstrate the utility of these polynomials in approximating functions, we have chosen to approximate a parametric Lissajous curve, a sinc surface, and Langermann surface using the generalized Fourier series in (21) and (25), respectively. In addition, we have used the orthonormal Bernstein polynomials to find the best Bézier approximations to these test functions, i.e. approximations that utilize non-orthonormal Bernstein polynomials. These test functions were chosen since they are common test functions used to challenge the capabilities of algorithms. The Lissajous curve is defined by the parametric equations x(t) = A sin(at + δ) y(t) = B sin(bt). (29) The specific parameters chosen for this study was A = 1, B = 1, a = 4, b = 3, δ = π/3 and t was defined in the interval [−π, π]. In addition, the sinc surface and Langermann surface we used were defined by the following equations
where s is a small constant to prevent dividing by zero at the origin, and c i , q i , and r i are parameters. For the sinc surface, we chose s = 10 
In order to find the best fit function, each of the test functions were discretized over a grid of points, N points for the Lissajous curve and N × M points for the two surfaces. Similarly, the orthonormal Bernstein polynomials and non-orthonormal Bernstein polynomials were discretized over these grids as well. To find the control points for the Bézier approximations that utilized orthonormal Bernstein basis polynomials, the control points were computed with numerical integration using (23) and (26) for the Lissajous curve and two surfaces, respectively. For the Bézier approximations that utilized non-orthonormal Bernstein basis polynomials, the control points were computed with numerical integration using (27) and (28) . To find the best approximation to the functions, in each case we gradually increased the degree of the polynomials until the error between the function and function approximation was a minimum. The error for the curve and surfaces were measured with the following
In Fig. 2 that utilized orthonormal Bernstein polynomials. We see that in all cases, the function approximations are very accurate representations of the original function. For the Lissajous curve, the optimal function approximation was found with n = 20, which corresponded to an error of 2.1 × 10 −7 between the Lissajous curve and its Bézier curve approximation. The large degree of the function approximation in this example has to do with the relatively high frequency of the sine waves in the Lissajous curve. The orthonormal Bernstein polynomials resemble wave-like functions, and by increasing the degree of the polynomial, one effectively increases the frequency of these waves. The optimal fit is found when the frequency of the basis functions are relatively close to the frequency of the sine waves in the Lissajous curve. For lower frequency Lissajous curves, the optimal degree of the orthonormal Bernstein basis set can be significantly smaller. For the Bézier curve approximation using non-orthonormal Bernstein polynomials, we found the optimal function approximation was once again found with n = 20 and the error between the Lissajous curve and its Bézier curve approximation was 5.1 × 10 −8 . These results demonstrate that the optimal degree approximation is the same regardless of whether one uses orthonormal or non-orthonormal Bernstein polynomials as a basis, and we found this to be true for all test functions in this study. In the mid-panel of Fig. 2 , a comparison of the sinc surface and the optimal function approximation is shown. For this surface, the best approximation was found with n = 12 and m = 12, which led to an error of 5.1×10 −6 . Similarly, for the Langermann surface, the best approximation was found with n = 13 and m = 13, and the error between the surface and function approximation was 2.0 × 10 −6 . For surface approximations that utilized a non-orthonormal Bernstein basis set, the error between the surface approximation was 5.2×10 −6 and 2.3×10 −6 for the sinc surface and Langermann surface, respectively. These examples demonstrate that the orthonormal Bernstein polynomials are capable of reproducing complex functions with high accuracy using relatively low degree polynomial basis sets. In addition, these results demonstrate that the orthonormal Bernstein polynomials can simplify the search for the optimal control points of Bézier approximations that use non-orthonormal Bernstein polynomials as a basis set. The control points for the Lissajous curve and the two surfaces are given in the Supplementary Materials section.
Conclusion
In this work we have demonstrated that the orthonormal Bernstein polynomials can be generated from a linear combination of non-orthonormal Bernstein polynomials. To the best of the authors' knowledge, this is the first explicit representation of the orthonormal Bernstein polynomials. In addition, we have shown that the orthonormal Bernstein polynomials are the solution set of a set of n Sturm-Liouville eigenvalue equations of the form in (13) , where p(x) = x(1 − x) 2 , q(x) = n(n + 2)(1 − x), w(x) = 1, and λ = (n − j + 1)(j − n). Moreover, we have demonstrated that the orthonormal Bernstein polynomials can be used in a generalized Fourier series to approximate curves and surfaces to a high degree of accuracy, and therefore, they can be very useful in computer-aided geometric design. Furthermore, we have shown that they can simplify the search for the control points of Bézier curves and surfaces that best approximate functions. However, these polynomials have many potential applications in numerous different fields of applied mathematics, where there is growing interest in the use of Bernstein polynomials in various applications. We are currently applying these orthonormal polynomials in the modeling of chemical reactions to represent reaction paths in the high dimensional configuration space of chemical systems. This will be the subject of our future work.
